We describe an efficient numerical scheme for calculating wind-driven currents on the continental shelf. Our scheme is based on the spectral approach introduced by Heaps and subsequently modified by Lardner. The basic idea behind Heaps' approach is to express the horizontal flow, u(x, y, z, t), as a linear combination of vertical structure functions, Ckr(Z), and then solve numerically for the temporally and horizontally varying coefficients. To obtain an accurate representation of wind-driven flow, many •r are often required. Following Lardner, we reduce this number by subtracting from u an analytically defined flow field, u•,, prior to its expansion in terms of the •hr. Our choice of u•, is steady Ekman flow in water of finite depth. This particular choice includes, as a special case, the u•, used by Lardner. Using an idealized basin and time-harmonic wind forcing, we compare the convergence rate of the expansion of u -u•, with u•, taken to be (1) zero, corresponding to Heaps' approach, (2) flow with constant horizontal shear stress through the vertical, corresponding to Lardner's recent suggestion, and (3) steady Ekman flow. We find that removal of steady Ekman flow generally leads to the most rapid convergence, particularly when the water depth is much greater than the Ekman depth, a condition often found on the middle and outer continental shelf.
real time, and so we infer them from interior current measurements using the adjoint method of data assimilation. An efficient numerical scheme for calculating the flow field, and in particular the low-frequency, near-surface currents, is an essential element of our data assimilation scheme. For this reason, we tested Lardner's method over a range of water depths and eddy viscosities appropriate for the Scotian shelf.
We found, in agreement with Lardner [ 1990, p. 22,272] , that "if a smaller eddy viscosity is used, the velocity profile is more rapidly varying and more eigenfunctions are required to represent it .... "
The purpose of this study is to modify Lardner's method so that rapid convergence can be achieved over a wider range of water depths and eddy viscosities. We will show that this can be achieved simply by taking Up to be steady Ekman flow in water of finite depth. This includes Lardner's Up as a special, shallow water, case.
We note that there are similarities between our approach and that proposed recently by Davies [1988] . Specifically, Davies decomposes u into a depth-mean flow and a remainder which determines the vertical structure. This remainder, along with the bottom stress, can be calculated at each time step by numerically evaluating a set of convolution integrals [e.g., Jelesnianski, 1970; Forristall, 1974 ]. This bottom stress is then used in the depth-averaged model, which is run, in "leapfrog" fashion, with the model for the vertical structure. The main advantage of Davies' approach over conventional depth-averaged models is that the bottom stress is parameterized in terms of the bottom current, and this gives more realistic flow fields, particularly in shallow water. Thus Davies terms this model an "enhanced" twodimensional model. It should be noted, however, that decomposition of the flow into a depth-mean current and a remainder does not accelerate convergence: the rate of convergence of the enhanced two-dimensional model is essentially the same as that 0f an equivalent three-dimensional model and hence the number of vertical structure functions required to achieve a given accuracy is the sam6 for both.
In section 2 we briefly review the different choices of u? and outline the governing equations for the remainder, uR = u -up. In section 3 we compare the performance of the various methods, taking as our example the case of an enclosed sea driven by a time-varying wind. Discussion of results, and suggestions for further 'modification of the Galerkin-spectral method, are given in section 4.
BASI• EQUATIONS
The linearized horizontal momentum and continuity equations governing barotropic flow on the continental shelf may be written [e.g., Davies, 1987] where • = (rx, ry) is the kinematic wind stress vector. Note that the bottom stress parameterization is linear in bottom velocity; we will discuss use of a more realistic quadratic parameterization in the final section. No-slip at the bottom boundary corresponds to the limit that k tends to infinity. tending toward 1/2 as r tends to infinity.
Choices of ue
One problem with using cosines to describe the vertical structure of wind-driven currents is that convergence can be slow [e.g., Davies and Owen, 1979] . For example, Davies [1983] noted that, at times, even 20 cosines were insufficient to obtain an accurate representation of the surface currents. As was noted above, the problem stems from the pronounced vertical structure of the near-surface currents in deep water, coupled with the fact that the computed vertical current shear is identically zero at tr = 0 [Heaps, 1972; Davies, 1987 Note that as &e/h tends to Zero, ue tends to the familiar Ekman spiral. As &e/h tends to infinity, ue approaches ur. Thus the particular solution chosen by Lardner [ 1990] is the shallow water limit of (12). In anticipation of our application of the Galerkin-spectral method in the next section we now give, for arbitrary/x, the depth averages of ur and uE:
where % is the bottom stress. We will also require the following projections of ur and ue onto the eigenfunctions: In an additional series of calculations, we also found that the number of eigenfunctions required to achieve a given accuracy increased with h/ti e t%r both MH and ML; in contrast, the number of eigenfunctions required by MN was relatively insensitive to this ratio. W e also found that ML and MN both worked well if h/lie was close to, or less than, unity. For example, with h/lie -1.7, only three eigenfunctions were needed by these two methods to achieve an accuracy better than 0.01 cm s -• while 25 were needed by MH , ß
It is clear that the situation described above is highly idealized, in terms of both the wind forcing and the bathymetry. It is also biased in favor of MN because the circulation in the middle of the basin after 30 hours is close to steady Ekman flow, the particular solution used in MN. We have therefore compared the performance of the three methods using more a realistic bottom topography, giving a range of lie/h, and a time-varying wind.
Variable Bathymetry and Time-Harmonic Wind
We assume that the water depth (in meters) increases from 20 along the lateral boundaries to 200 in the center of the basin according to Thus for the present discussion of convergence rates, we can think of V r/as a forcing term, similar to x. However, given that V r/, and hence its contribution to Ur, is the same for all three methods, the following discussion will focus primarily on the wind-driven component of U r because this will determine the differences in convergence rate.
As r tends to infinity, S r increases as r. Thus it is clear from ( The convergence rate for MH and ML is slowest in deep water i.e., for small 8E/h. Physically, the problem stems from the inability of the low-order cosines to capture the highly structured surface Ekman layer in deep water. Our solution to this problem has been to replace Lardner's particular solution with steady Ekman flow in water of finite depth. The rationale is simple: subtraction of steady Ekman flow, in addition to dealing with the surface boundary condition, removes much of the vertical structure in the wind-driven surface flow, leaving a relatively smooth "remainder" which can be well described by relatively few eigenfunctions. For steady flow, the eigenfunction coeffi- We assumed that the eigenfunctions satisfy the slip bottom boundary condition exactly. The advantage of this assumption is that the equations governing the temporal evolution of [jr decouple and can be solved efficiently. There are, however, several disadvantages. First, the eigenfunctions and the eigenvalues will, in general, depend on the eddy viscosity profile and water depth. This means that they have to be calculated separately for each grid point. Second, the bottom stress parameterization is necessarily linear in bottom velocity, and yet it can be argued that a quadratic formulation is more appropriate. Third, the time-splitting technique can not be used, since the term involving the pressure gradient appears in the governing equations for the coefficients of high modes. Davies [1988] shows how these disadvantages can be overcome for the traditional method, MH, by (1) requiring that the eigenfunctions satisfy a zero-stress bottom boundary and (2) including the bottom stress explicitly in the [jr equations. This ensures that the eigenfunctions depend only on the shape of the eddy viscosity profile and the pressure gradient does not affect the coefficients of the second and higher modes. This leads to Davies' enhanced two-dimensional model discussed in the introduction. We conclude by noting that both ML and MN can be modified in a similar fashion, and thus extended to accommodate arbitrary bottom stress formulations and time splitting, while retaining the advantage of faster convergence for the winddriven component of the flow.
